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ABSTRACT

A b-coloring of a graph is a proper coloring where each color admits at least one node (called
dominating node) adjacent to every other used color. The maximum number of colors needed to b-color a
graph G is called the b-chromatic number and is denoted by ¢(G). In this paper, we find the b-chromatic
number and some of the structural properties of corona product of crown graph and complete bipartite graph

with path graph.
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1. INTRODUCTION

A b-coloring by k-colors is a proper coloring
of the vertices of graph G such that in each color
classes there exists a vertex that has neighbors in all
the other k-1 color classes. The b-chromatic number
®(G) is the largest number k for which G admits a b-
coloring with k-colors (Irving and Manlove, 1999).
The corona G1 ° G2 of two graphs G1 and G2 is
defined as a graph obtained by taking one copy of G1
(which has p1 vertices) and p1 copies of G2 and
attach one copy of G2 at every vertex of G1 (Harary,
1972).

In this paper we find for which the largest
number k for which corona product of crown graph
and complete bipartite graph with path graph admits
a b-coloring with k-colors. And also we find some of
its structural properties (Venkatachalam and
Vernold Vivin, 2010; Vernold Vivin and
Venkatachalam, 2012; Vijayalakshmi and
Thilagavathi, 2012)

2. Definition
2.1. Crown Graph

A crown graph on 2n vertices is an
undirected graph with two sets of vertices ujand v;
and with an edge from ujto vjwhenever i # j. The
crown graph can be viewed as a complete bipartite
graph from which the edges of a perfect matching
have been removed (Wikipedia).

2.2. Complete Bipartite Graph

A complete bipartite graph is a graph whose
vertices can be partitioned into two subsets V1 and

V2 such that no edge has both endpoints in the same
subset, and every possible edge that could connect
vertices in different subsets is part of the graph. That
is, it is a bipartite graph (Vi, V2, E) such that for every
two vertices v1 € Viand v, € Vy, vivzis an edge in E. A
complete bipartite graph with partitions of size
|[Vi|]=m and |V:|=n, is denoted Kmn (Balakrishnan,
2004; Balakrishnan and Ranganathan, 2012).

2.3. Fan Graph

and A Fan graph Fn,, is defined as the graph join
Km , where K, the empty graph on nodes is and
P, is the path on n nodes (Wikipedia).

2.4. Path Graph

The path graph P, is a tree with two nodes
of vertex degree 1, and the other n-2 nodes of vertex
degree (Harary, 1972).

2.5. Corona Product

Corona product or simply corona of any
graph G1 and graph G2, defined as the graph which is
the disjoint union of one copy of G1 and |V1| copies
of G2 (|V1] is the number of vertices of G1) in which
each vertex of the copy of G1 is connected to all
vertices of a separate copy of G2 (Harary, 1972).

2.6. b-coloring

A b-coloring of a graph is a proper coloring
such that every color class contains a vertex that is
adjacent to all other color classes. The b-chromatic
number of a graph G, denoted by ¢ (G), is the
maximum number t such that G admits a b-coloring
with t colors (Irving and Manlove, 1999).
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3. CORONA PRODUCT OF CROWN GRAPH WITH
PATH GRAPH

3.1. b-chromatic number of corona product of Crown
Graph with Path Graph

3.1.1. Theorem

Foranyn 2 3, ¢[S%P ] = 2n.
Proof: Let S%be any Crown graph with vertices, V =
{v1,v2,..,vp Pand V.={v, v, ..., v }i.e. V(5°) =V U

1 2 n n

V. Letthe edgesof £, beE(S)={¢,:1</ <7? —
724 where ¢, is the edge connecting
v iandv foreveryi */.

Let /Z,be ant path graph of length n-1 with
n-vertices. V(p/,) ={u ;1< /<271</<7n1<
/< 7} and and £ #,be {epi: 2n— 1 <i<n-1}.

By the definition of corona graph each
vertex in S%is adjacent to every vertex copy of /7,
i.e. vertices of (£ ,°F2) = V(S & V(F,) Let
E[S50°/,] be E(S,0) U £ P, Ufe:: 72 —n+ 1 < i<
5722 —3n}.

Consider the C =
{c1,C2,,C3 ., Cn Cn+1, € 242, ..., C22} to color the
vertices of (SY°/,). Assign ., the colors
R to” 21,02 ,..Vn {.€.v s and

n 4

color class

Cnt1, Cnt2y o, C2280V5,j=1,2,3,..,nrespectively
for every i#j, i,j= 1,2,...n.

From the figure we see that, each 7.5 are

adjacent to every 2.5 for every i not equal to j and
vice versa. Hence both 7, & andz,searnsits

adjacent cqlor for every i# j. To make the aboye
cgioring tooberb-ghroma i1c pr(;per cg?oring OFV?ﬁ/

n
by corresponding non-adjacent vertices of its /s or

v-'s respectively. Thus each color has the neighbour
invthe every other color class. Thus, @[(So °/Z, ] = 2n.
n

o Letusassume that @[S9 37]7 2n, let it be
@[S» °/] = 2n+1. The graph Iy 2£’] mustrequires

2n+2 vertices of degree 2n+1, all with distinct color
and each must have adjacent with all of the other

color class, but at least one color class which does

not have a color dominating vertex in [$9°/7,],
which
invalidates the definition of b-coloring. Hence,

@[SY° 7] not gqual to 2n+1, it must be less than
2n+1 ie. @[5 ,°#%] =2n. Thus, for any n =3, the b-
chromatic number of corona graph of crown graph
with path graph is 2n.

3.2. Illustration: b-coloring of corona productof
Crown Graph with Path Graph

3.2.1. Theorem
Foranyn = 3, q[50°/7,] =5722-3n

Proof: q[(5%°/#,] = Number of edges in 50+ ,2n x
Number of edges in /7,

= 72— 72+2n (2n-1)
=722 — n+ 472-2n-1.
=572—-3n.
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PI5eF)= 10
3.2.1. Theorem

For any n = 3, the vertex polynomial of
(50°7,) be 472x% + 2n% — 4n x3 +4x+2
n

. 0o, . — A(G k
Proof: V((AS"Z /25 %) =26 Vg
= No of vertices having degree 2x x23+

No of vertices having degree 3x x +

No of vertices having degree n+2 x xn+2
2 2 3 n+2
=47%x +2n —4nx +2nx

3.2.3. Some Structural Properties of (5"7’[0 P)n2z3.

. .. Vertex
Pr?pert No. of No. of Maxim Minim Polynomi
ies d um um al
Graphs Vertex [Edges pegree Degree
Path 2x+(n_
n n-1 2 1
Graph (722)/1’ 2
Crown 2 n-1 n-1
2n 7o
- _ n—1
Graph TAE
5722 — 2
5o 2n(n+  °% 2n-1 2 + 427

D
+ 2

4. CORONA PRODUCT OF COMPLETE BIPARTITE
GRAPH WITH PATH GRAPH

4.1. b-chromatic number on Corona Productof
Complete Bipartite Graph with Path Graph
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4.1.1. Theorem

Foranyn=z 3, ¢
[A/m,n

<Py = 2n
2n+l m>n
2n-1 m<n

Proof: Let A7, ,,be any complete artite graph with
vertices, V = %1 Vz,y,Vn and %pf g pV i.e.

V(Am) = VU V. Let the edges A’m,,zof be
E(An.)={€: 1 < j< 772} where ¢ /is the edge
connecting v ;and v-.
Let Z be ant path graph of length n-1 with
7

n-vertices. V() ={ui 1< /<2n71</<n1<
J<7}and £ P,be{ep:2n—1<i<n-1}
By the definition of corona graph each

vertex in Kn,is adjacent to every vertex copy of /7,
i-e. Vertlces Of V(Km]ﬂopﬂ) = V(Km‘n) ”KID”) .

Let the edges of A P be
E[KP]=E(K)UEPU{e:n2+1<i <

éfzzznini} iOQnS?{g E[é{ﬂ’#"lg?}or %K"}r” ) UEP.U

E[Kmn°oPn] =E(Kmn)
5n%2+n-1}, form >n.

U EP,U {el.n +1<i<

Consider the color class C =
{Cl ,€2,,C3, «.e, Cn, Cn+1y, Cnt2 5 oovy C2n+1} to COlOI‘ the
vertices of (Km n °Prn ). The proof follows from the
following cases.

Case (i) m=n

{

€1,€2,,C3, «ue, Cn, Crt1, Cnt 2, ey C2n} to color the
vertices of K (i » °Pr), m = n. Assign the colors
c1,C2,,C3, ...,Cn tO v1,V2 ,.,Un, L.EVi"S

Consider the color class C = 1

and

Cn+1) Cna2, -, Cm OV} S, = 1,2,3,..,m respectively.

From the figure we assure that, eachv s ;

are adjacent to every vjls' for and vice versa. Hence
both v s andv s earns its adjacent color. To make
i J
the above coloring to be b-chromatic proper coloring
of V(p.) by corresponding non-adjacent vertices of
its vi 's or 's respectively,and the remaining
vertices are colored properly by the colors in the
color class. Thus each color has the neighbor in the

every other color class. Thus, @[Kmn°Pr] =2n.

Let us assume that @[ (Km » °Pn |> 2n, say
@©[Km n °Pn ] = 2n+1. The graph [Km » °Pn | must
requires 2n+2 vertices of degree 2n+1, all with
distinct color and each must have adjacent with all of
the other color class which is not possible, since
maximum degree of K, » °Pn is 2n, hence at least one
color class does not have the color dominating

vertex, which contradicts the definition of b-coloring.
Hence, @[Km » °Pn ] not equal to 2n+1, must be less
than 2n+1 i.e. [Km » °Pn ] = 2n. Thus, for any n 23,
the b-chromatic number of corona graph of complete
bipartite graph with path graph is 2n for each m = n.
Case (ii) m>n

color

Consider  the class C, =

{c1, €2, C3, ..., Cn, Cot1, Cnt2, .v, Cont1) to color the

vertices of K(mn °Pp), m<n Assign the colors
vyv L,.v,lLewv:'s and

G, €2, C3 ..., Cn 1 2 n i

Cn+1, Cn+2, wor, Cont1 tOV: §S , 3 = 123,..m

respectlvely

The remaining proof of the theorem follows
immediately from case (i). Hence 0}
[ Kmpn °Pn] = 2n+1,m >n.

Case (iii) m<n
Consider the

{c,epchyic
A
vertlces of KGM

color class C =

2, 0, C
D, rﬁ+< n. Asﬁ%nlh‘ltg @ oli‘ghe

C1,C2,,C3, ...,Cn 1O Vi,V2 ,.,Vn, L.V 'S and
i

Cn+1, Cn+2, -+, C2n—1 tov”]. s k j = 1,2,3,...m

respectively.

The remaining proof of the theorem follows
immediately from case (i). Hence 0}
[ Kmn °Pn] = 2n-1, m < n. Hence theproof.

4.1.1. Illustration Corona Product of Complete
Bipartite Graph with Path Graph
4.1.2. Theorem

Forany m, n 2 3, q[( Kmn ° Pn)] = 2n24+3mn-m-n.
Proof: q[(S%P ] = Number of edges in K +2nx
nn m,n

Number of edges in Fan graph F,
=mn+ (m+n) (2n-1)
= mn+2mn-m+2n?—n.
=2n?+3mn—m —n.
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4.1.3. Theorem

For any m, n 2 3, the vertex polynomial of
be( Kmn ° Pn) 4nx2+ (2n2 — 4n)x3 + 2nx?, m=n.

Proof: V(K o P;x)=2@V xk
m,n n k=1k

= No of vertices having degree 2x x% +
No of vertices having degree 3x x3 +

No of vertices having degree 2nx x2n +
=4nx?+ 2n?— 4n x3 + 2n x"*2,

4.1.4. Theorem
4.4.5. Some Structural Properties of ( Kmn ° Pn), n 2 3.

For any m, n 2 3, the vertex polynomial of be
( Kmpn ° Pn) 4nx2 + (2n2 — 4n)x3 + 2nx2", m > n.
Proof: V(K °P;x)=24@YV xk
m,n n k=1k
= No of vertices having degree 2x x2 +

No of vertices having degree 3x x3 +

No of vertices having degree 2n-1x x2n+1

=(4n — 2)x2+ (2n?2—3n— 2)x3+
(2n + 1)x2n+1,

Properties Number of Number of Maximum Minimum Vertex Polynomial
Graphs Vertex Edges Degree Degree
Path Graph n n-1 1 2x+(n-2)x
Complete m+n n? max{m,n} min{m,n} (2n)xr
Bipartite Graph
(Kmne Pn) 2n® + 2n 5n — 2n 2n 2 4nx® + (2n® — 4n)x®
m=n + 2nx’n
(Kmn® Pn) 2n’ 5n’ (4n—2)x* + (2n° —5n
m<n +n-1 —5n+1 2n 2 +2)x®
+ nx2n-1
+(n
— 1)x2n
Ko Py) 2n2 5n? (4n + 2)x°
m>n +3n+1 +n-1 2n+1 2 +(@2n* - 3n - 2)x°

+(2n + D)x’n+t

5. CONCLUSION

In this paper we operated the graph
operation corona product on crown graph and
complete bipartite graph with path graph, we get
corona product of crown graph with path graph and
corona product of complete bipartite graph with
path graph and also we find its b-chromatic number
and some of its structural properties.
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