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ABSTRACT

In (Devi et al.,, 2012), the authors introduced the notion of a§-closed sets and investigated its
fundamental properties. In this paper, we investigate some more properties of this type of closed spaces.
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1. INTRODUCTION

Generalized open sets play a very important
role in General Topology and they are now the
research topics of many topologists worldwide.
Indeed a significant theme in General Topology and
Real Analysis concerns the variously modified forms
of continuity, separation axioms etc. by utilizing
generalized open sets and the idea of grills on a
topological space was first introduced by Choquet.
The concept of grills has shown to be a powerful
supporting and useful tool like nets and filters, for
getting a deeper insight into further studying some
topological notions such as proximity spaces, closure
spaces and the theory of compactifications and
extension problems of different kinds.

Throughout the present paper, spaces X and
Y always mean topological spaces. Let X be a
topological space and A a subset of X. For a subset A
of a topological space (X, 1), cl(4) and int(A)denote
the closure of 4 and the interior of 4, respectively. A
subset A is said to be regular open (resp. regular
closed) if A = int(cl(A)) (resp. A = cl(int(A)), The
§-interior of a subset 4 of X is the union of all regular
open sets of X contained in A and is denoted by
Ints (A).The subset A is called §-open if A = Ints(A),
i.e, a set is §-open if it is the union of regular open
sets. The complement of a §-open set is called § -
closed. Alternatively, a setA c X, t is called 6-
closed if A=cls(A), where cls A = x/xeUeET=>
int(cl(A [1A#@p. The family of all J-open (resp. &
closed) sets in X is denoted by §0(X) (resp. C(X)).

A subset A of X is called semiopen
(Kokilavani and Basker, 2012d) (resp. a-open (Roy
and Mukherjee, 2009), §-semiopen) if AcC
cl(int(4)) (resp.A cint(cl(int A )), Ac
cl(iInts (A))) and the complement of a
semiopen(resp. a-open, d&-semiopen) are called
semiclosed(resp. a-closed, 6-semiclosed).  The

intersection of all semiclosed (resp. a-closed, &-
semiclosed) sets containing A is called the semi-
closure(resp. a-closure, §-semiclosure) of A and is
denoted by scl(A)(resp.acl(A), 8-scl(A)). Dually,
semi-interior(resp. a-interior, §-semi-nterior) of A4 is
defined to be the union of all semiopen (resp. a-
open,§-semiopen) sets contained in A and is denoted
by sint(A)(resp.aint (A), &-sint(A)). Note that §-
scl A =A int(cls(4)) and §-sint(A) =
A cl(Ints (A)).In (Devi et al, 2012), the authors
introduced the notion of aé-closedspaces and
investigated its fundamental properties. In this
paper, we investigate some more properties of this
type of closed spaces.

Before entering to our work, we recall the
following definitions, which are useful in the sequel.

Definition 1.1. (Devi et al,, 2012) A subset A of a
space X is said to be

(a) An a-generalized closed (ag-closed) set if
acl(A) € Uwhenever A € U and U is a-open
in (X, 7).

(b) A aé-closed setif cl (34) C UwheneverA C U

and U is ag-open in (X, 7).
2. a8%%-CONVERGENCE AND a$?#-ADHERENCE

Definition 2.1. (Choquet, 1947) A grill Gon a
topological space (X, t)is defined to be a collection
of nonempty subsets of Xsuch that (i) A € G and
AcBc X =>Be€e G and ii A4, Bc Xand
AUBeEG=A€GorBEeG.

Definition 2.2. (Choquet, 1947) If Gis a grill (or a
filter) on a space (X, 7), then the section of g,
denoted by sec G, is given by secG={ A<
X:ANG=#¢@,forallGeg}

Definition 2.3. A grill G on a topological space (X, t)
is said to be an:
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(a) ad#-adhere (briefly. ad?#A ) at x € X if for
each U € a60(x) and each G € G,adqU N G #
(p’

(b) ab?#-converge (briefly. ad?*C ) to a point
x € X if for each U € adO(x), there is
some G € G such that G € adg U (in this case
we shall also say that G is ad%#-convergent to
x).

Remark 2.4. A grill G is a6?#C to a point x € X if and
only if Gecontains the collection {aéq U : U €
ad0(x)}.

Definition 2.5. A filter Fon a space (X, 7) is said to
ad?Ax € X (ad?*C to x € X) if for each F € Fand
each U€ad0(x), FNadc U # ¢ (resp. toeach
U € ad0(x), there corresponds F € Fsuch that
F<SabqU.

We note at this stage that unlike the case of

fitersdhenetion§pd?*A of a grill is strictly

ad C.In fact, we have
Theorem 2.6. If a grill 0
Gon a space(X, 1), ad

some point x € X, then G is a6#C to x.

#
A at

Proof. Let a grill G on (X, 7), a6%#A at x € X. Then
foreach U € a60 x andeach GE G, ad U G #

@ sothataécq U € sec G,for each U € a60(x),and
hence X — aéq U € G. Then adg U €G(as Gis a
grill and X € G), for each U € ad0(x). Hence G must
ad?*C to x.

The following example shows that a aé?#C
grill need not ad?#A at any point of the space even if
the space is finite.

Example 2.7. Let X ={a b, c} and 7=
o, X, a, b, a b, a c Itis easy to verify
that (X, r) is a topological space such that

ad0 X, x =7. Let G=b,a b,b c,X.
Then G is ad?#C but not ad?#A.
Remark 2.8. Let X be a topological space. Then for
any x € X, we adopt the following notation:
G abd®, x ={AC X: x € ad?cl(A)},
secGadt, x ={ASX:ANG+* ¢, forallGe
G ad?*, x }.
In the next two theorems, we characterize

the ad?#A and ad?#C of grills in terms of the above
notations.

Theorem 2.9. A grill G on a space (X, 1), a6?#A to a
pointx € X ifand only if G € G ad?%#, x .

Proof. A grill G on a space (X, 7). ad%%A atx € X
>adaUNG#¢@ forallU e
adOxandallGEG
=>x€abdtclG,forallGEG
=>GEGad? x,forallGeEG
=>GCSGad? x.

Conversely, let G € G 6%, x . Then for all
GEG, xeadcl G,sothatforall U € ad0 x and

forallG € G, abéc U NG # ¢.Hence G is ad*A at
X.

Theorem 2.10. A grill G on topological space (X, 1)
is ad?*C to apoint x of X if and only if GC
sec G adt*, x .

Proof. Let G be a grill on X, a6?#C to x € X. Then for
eachU € ad0 x , there exists G €Gsuch that
G <Sad U, and hence abc U €Gfor each
U€eadUx.Now,B€EsecG ad?# x.

=X —B &G ad’#, x = there exists U €

ad0 x suc t
adc, U S B,w

atabcg U N X—B =¢ =
ereU € a0 x = B €G.

Conversely, let if possible, G nota ad?* C to
5GP QT Y00 * 1 Uik S uslsice
g 6259#, x,AnadgU=¢.Butd € g ad?, x
= x € ad¥cl(A).
= adc U N A # @. which is a contradiction.

Theorem 2.11. A grill § on a topological space
(X, 1), ab#C to a point xof X, t if and onlyif
sec G ad?*, x € G.

Proof. Let G be agrill on atopological space (X, 1),
ad?*C to a point x € X. Then for each Ue€
ad0 x there exists G € G such that G € aéq U ,
and hence aéq;U € G for each U € adO x .
Now, B € sec G ab*, x = X \ B & G ad?*,

= x& adlC/l/= there exists J€adOxr such that
adlClun X\F)=p=adC/l/= B,where V€EadOxr=BEe
G. Conversely, let if possible, G not to ad#C to x.
Then for some U € aé0 x , adfg U €& G and
hence ad0; U € secG ad?*, x . Thus for some
A€ G adt, x , Anadg U =o. But 4€
G ad®, x =>x€adlfc A= abqUNU+ .

3. ad-CLOSEDNESS AND GRILLS

Definition 3.1 A non empty subset A of a topological
space X is called aé-closed relative to X if for every
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cover ‘U of A by ad-open sets of X, there exists a
finite subset Uy of U such thatA C U {adg U :UE
Uo}. If, in addition, A = X, then Xis called a a§-closed
space.

Theorem 3.2.For a topological spaceX, the following
statements are equivalent:

(a) Xis ad-closed;

(b) Every maximal filter base ad?#C to some point
of X;

(c) Every filter base ad#-adhere to some point of X;

(d) For every family V,: @ € I of ad- closed sets
that N V;: i € I = ¢, there exists a finite
subset [yof I such that N{ad;,: Vi: i € Iy}

Proof. a = b :LetF be a maximal filter base
on X. Suppose that F does not ad-converge to any
point of X. Since F is maximal, F does not ad-6-
accumulate at any point of X. For each x € X, there
exist F,€Fand Vy€adO(X,x) such that
ad. Vx NFy = ¢. The family{Vx: x € X}isa cover of
X by aé-open sets of X. By (a), there exists a finite

number of points xi,x3,x3 ...x, of X such that
X=U{ady V, :i=12,...,n}. SinceF is a filter
base onX, there exists Fy € F such that Fyocn

Fy:i=12,...,n.Therefore, we obtain Fy = ¢. This
is a contradiction.

b = c : Let F be any filter base on X. Then, there
exists a maximal filter base Fysuch that F € F. By
(b), Foab-0-converges to some point x € X. For
every F € Fand every V € a§0(X, x), there
exists Fy € Fosuch  that FySad, V; hence
@o#+FyNFC aéclV N F. This shows that}"aé' 6-

accumulates at x.

(c) = (d):Let V,: @ € I be any family of ad-closed
subsets of X such that N V,: @ € I = ¢. Let I'(1)
denote the ideal of all finite subsets of A. Assume
that N {ad, (V,): @ € I} = ¢ for every I € I'(]).
Then, the family F = Nge; abme Vo : 1T ET I is a
filter base on X. By (c), F ad-0-accumulates at some
point x € X. Since X\V,:a€ I is a cover ofX,
x € X\Vy for some V,y € I. Therefore, we obtain
X\Vyao €ad0(X,x), alimt (Vo) EF and ade Voo N
a8t Vo= ¢, which is a contradiction.

(d) = (a): Let Vi a € I be a cover of X by ad-open
sets. Then {X\V,: a € I} is a family of ad-closed
subsets of X such that N X\V,: « € I = ¢. By(d),
there exists a finite subset I, of I such that
N{abdme X\Vy):a€h} =@ hence X =uU
{adc(Vy): a € Ip}. This shows that X is ad-closed.

Theorem 3.3.A topological space X is ad-closed if
and only if every grill on X is ad%#-convergent in X.

Proof Let G be any grill on a a§-closed space X. Then
by Theorem 2.6, sec G is a filter on X. Let B € sec g,
then X\B ¢ G and hence B € G(as Gis a grill).
Thus sec G € G. Then by Theorem 2.6(b), there
exists an ultrafilter U on X such that sec G € U < .
Now as X is ad-closed, in view of Theorem 3.2, the
ultrafilter Uisa  §9#-convergent to some point x € X.
Then for each U € ad0(X, x), there exists F € U such
that F € ad¢; (U). Consequently, adg (U) € U C G,
That is ad¢; (U) € G, for each U € ad0(X, x). Hence G
is a6?#-convergent to x. Conversely, let every grill on
X be adf*-convergent to some point of X. By virtue
of Theorem 3.2 it is enough to show that every
ultrafilter on Xis a §%%-converges in X, which is
immediate from the fact that an ultrafilter on Xis
also a grill on X.

Theorem 3.4. A topological space Xis ad-closed
relative to Xif and only if every grill G on
X with A € G, a6%#-converges to a point in A.

Proof. Let A be ad-closed relative to Xand G a grill
on X satisfying A € G such that G does not ad?#-
converge to any a € A. Then to each a € A4, there
corresponds some U, €ad0 X, a such that
adc (Uy) efg Now U,:a €A isacoverof Abyad-
open sets of X . Then Acn adalela = U(sayil)

for some positive integer n. Since G is a grill, U ¢ G;
hence A ¢ G, which is a contradiction.

Conversely, letA be not ad-closed relative to
X. Then for some cover U = U,: a € A of A by aé-
open sets of

X, F = {A\ asU:1
a

a€lp Cl
is a filterbase on X. Then the family Fcan be
extended to an ultrafilter F*on X. Then F*is a grill
on X with A € F*(as each F of Fis a subset of A).
Now for each x € 4, there must exists § € [ suchthat
x € Ug, as U is a cover of A. Then for any G € F,
G N (A\abdc (Ug) # @, so that G D adc (Up)for all
G € G. Hence F*, cannot aé?#-converge to any point
of A. The contradiction proves the desired result.
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