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ABSTRACT

Let G=(V,E) be a simple, finite, connected and undirected graph. A dominating set D of G is said to be
two-out degree equitable dominating set if for any two vertices u, v € D such that | odp u —odp(v) | <2,
where odp u = |N v N (V — D). The minimum cardinality of two -out degree equitable dominating setis
called two- out degree equitable domination number and it is denoted by y20¢(G). In this paper, we introduced
the two-out degree equitable domination numbers in the middle, central and the line graphs of the path Py,
cycle Cpand star Ky, graphs.
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1. INTRODUCTION

The conceptofdomination was first studied
by Ore and Berge (1962). A non-empty set P<V s
said to beadominating setof Gifevery vertexin V-D
is adjacent to atleast one vertex in D. The minimum
cardinality of the minimal dominating set D is =
called the domination number and it is denoted by
Y(G).

An equitable domination has interesting
application in the context of social network. In a
network, nodes with nearly equal capacity may
interact with each other in a better way. In society,
persons with nearly equal status, tend to be friendly.
Ali Sahal and V.Mathad (Sahal,2013) introduced the
concept of two out degree equitable domination in
graphs. In this paper, we investigated the two out
degree equitable domination number in the middle
and the central graphs of P,, C,and Kj,, graphs.

Definition 1.1 (8)

The middle graph of a connected graph G
denoted by M(G) is the graph whose vertex set is
V(G)UE(G) where two vertices are adjacent if

(i) They are adjacent edges of G (or)

(ii) Oneis a vertex of G and the other is an edge
incident with it.

Definition 1.2 (8)

For a given graph G=(V,E) of order n, the
central graph C(G) is obtained, by subdividing each
edge in E exactly once and joining all the non
adjacent vertices of G. The central graph C(G) of a

graph G is an example of a split graph, where a split
graph is a graph whose vertex set V can be
partitioned into two sets, V1 and V2, where each pair
of vertices in V1 are adjacent, and no two vertices in
V2 are adjacent.

Definition 1.3 (7)

A dominating set D in a graph G is called a
two-out degree equitable dominating set if for any
two vertices u, v € D such that | odpu —
odD(v)| < 2, where odpu = |N Vvnv - D|. The
minimum cardinality of a two-out degree equitable
dominating set is called the two-out degree equitable
domination number of G and is denoted by Yy20e(G).

In the consequent section, we obtained the
two-out degree equitable domination number yz0¢(G)
of the middle graph of P, C,and K, graphs.

Definition 1.4 (9)

Line graph L(G) of a graph G is defined with
the vertex set E(G), in which two vertices are
adjacent if and only if the corresponding edges are
adjacent in G.

2. Two-out degree Equitable domination in the
Middle graphs of P,,, Cand Ky .

Example 2.1

Let G be the middle graph as in the figure.
We obtained the two-out degree equitable
domination number.
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Middle graph of Ps M(Ps)

Consider the set D= {v;v3}lt is a
dominating setand V — D = {v; vy, ug, uy, us, uqg,us}

odpv;= |N V1N { V2 Vg, Uz, U, Uz, Ug, Us

= | {ug, uz, v23 N {2 V4 ug, Uy, U3, Uy, UsY |

=3
odv= |an{V—D|
D 3 3

= | {us, ug, va, v43 N {
V2 Vg, Ug, Uz, U3, Ug, Us)

=4

Friom the above, any two vertices u, v € D
such that |od u — odogva 22
D D

Therefore {v;v3;} is the two-out degree
equitable dominating set with the minimum
cardinality is 2. That is y,. M(P35) = 2.

Theorem2.2

[n-1]

For any Path Py, y2,, M(P,)=!2! wheren=5.

Proof

Let Py ug, Uy, .... Uy4+1 be the path of length n
and u;u;4; = v;, By the definition of middle graph,
M(P,) has the vertex set V P, UE P, =

u;/1<i<n+1U{v;/1<i <n}inwhich eachy;
is adjacent to v; and v; is adjacent to u;y;. The
vertices uj, vy, Vz... . Vg, Vzp—; of M(P,) induces a
path of length 4k.

Let D={wv ,v [Ji=D),Wwv [Ji=
2 i+1  i+3 i, i+2

), (Vi—1, Vig1, Vig3/i = 3), ... } be a dominating set of
M(P,) and

V=D ={(Wvis2/i = 1), Wi—1, Vi41, Vir3/I =
2),....Uu/1<i<n)}
Now v;y; € D then odp vy = | Nvi N

V—D| fori=1,0dpv,= |sznV—D|

= | {(Wi, Vi Uing, Uig2/1=
D), Wi-1, Vit Uimg, i1/ =2), . J N {(ViVi42/1 =
1), i1, Vis1 Viss/i=2),. U (/1 <i<n)}]

| {(i, Vigz, Wirs, Uin2), (Vic 1, Vi, Wim 1 Ui 1)) won- ) |
=4

Then | odp(v;) — odp(Vit+1) | <2, for any
v; V41 € D. Therefore D is the minimum two-out

degree equitable dominating set, Hence,
[n-1]
Y20e M(P,) =! 2 !|where n>5.
Theorem 2.3
For any Cycle Ci  V20e M(Cr)=
|—ﬁ 1 +1
131 wheren>4.
Proof
Let V. ={u,u ...u} and EC =
n 1 2 n n

{v,v2....v,} Where vi=uju1<i<n-1,
Vn =U, U;. By the definition of middle graph, M(C),)
has the vertex set VC, UE C, in which each
v;is adjacent to viy; (i = 1,2 ... . n — 1) and v,is
adjacent to u;. In M(Cy), {uy, vs, Uz, V2 ... . Vp_g, Uy}
induces a cycle of length 2n. That is |V M C, | =

2nand |EM C, | =3n.

Let D ={(v;, vi42 /i=1), Wi—p» Virr Vir3 fi =
2),...}be adominating set of M C, and

V=D = Vit1, Vir3/i = 1), (Vi, Vis2/1 =
2),.. fuy/1<sisnj.

Nowv; €D thenodp v; = |N v; ﬂV—Dl
fori=1, odpv; = |N vy NV — D|
= {1, virs i, wirr/i = 1), (01, Visgttiog, wi /i =

2), e 30 Wig, Vig3/i= 1), (Vi, Vig2/i=2), ...V
{fu/1<i<n}

= | {Wirs, Vi Wi, Wirr /1= 1), (0, Ui, wi/1 =
2), ...}
=3 or4.

Then | odp(v;) —odp(Vit+1) | <2, for any
v; Vi+1 € D. Therefore D is the minimum two- out

degree  equitable  dominating set.  Hence,
Nl

Y20 M(Cp)= 131 wheren>4.

Theorem 2.4

For any Star graph K; ,, V20e M(K1,) = 1.
Proof

LetVK;n ={uusuz .. 4} and
E(K1,) ={v1, vz .... v, }.By the definition of middle
graph, we have V M K;, = u U vp;/<i<nU

u;/<i <n in which the vertices v v;...v,u
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induces clique of order n+ 1. Let D={v; /1<i<
n} be the dominating set of M(K;,) and V—D =

(wuw)/l1<i<n.
Now v; € D thenodpvi= |Nv,nV —

D| fori=1,o0dpv;= |[Nv;nV =D

\J:

=| Vig1, Uy U - <nn wuy;

= | U, Y; | sincei=1
=2

Then |odD(vi) —odp(v;) | <2, for any
v; v; € D. Therefore D is the minimum two - out
degree equitable dominating set, Hence,

Y 20e M(Kl,n) =n.

3. Two-out degree Equitable domination in the
Central graphs of P,,, C,and Ky ,,.

In this section, we obtained the two-out
degree equitable domination number y;,. (G) of the
central graphs of the path P,, cycle C,and the star
graph Ki .

Example 3.1.

Let G be the central graph as in the figure.
degree

we obtained the two-out

domination number.

equitable

Central graph of Ps

Consider the set D = {vy, uy, uz uq} Itis a
dominating setand V — D = {v; v3 v4, V5 us}

odpv;= |Nv1r1V—D |
= |{u1, V3 V4, Vs } N {V2 V3 Vg, U5 U} |
=4

odpu,= |NuznV—D|

=2

Similarly, odpusz=odpus,=2

From the above, any two vertices u, v € D
are such that | odpu — odp(v) | <2

Therefore {v;, uy, us u4} is the minimum
two-out degree equitable dominating set with the
minimum cardinality 4. Hence, y2,. C(P5) = 4.

Theorem 3.2.

For any Path P,
1forn<b5.

Y20e C(Pn) =1 —

Proof

Let P, be the path of length (n — 1) with
vertices v, vz ... . v, .By the definition of central
graph, the non-adjacent vertices v; and v; of P, are
adjacentin C P,,.

Therefore,V(C P,={v; /1 <i<n}U
{fu;/1<i<n-1Iand

E(CP={e/1<i<n-—-1}U{e /1<
n L L
iSn—1}Ue;:1<i<n-—-2,i+2<j<n.
Let{v;} U {u; /2 <i<n— 1} will be the
dominating set.

Let
D=
o ir), (01, Wir1), (Ve Uimg, Ui, Uiy 1) , Where T <
i < 3 be the dominating set of C P,,and

V-D
= U1, Vit1, Vitz, U, Vi, Vigg, Vigz, U, Vi1, Vi, Vit1, Vig2

where1<i<3
Now v; € D then odpv; = |N(v1) nV—D|

= | (U1, vir2), (Uz, Vig1, Vir2), (U, Vi, Vig1, Vig2)

N { Uy, Vi, Vigz, (U, Vi, Vi, Vigz), (U, Vieg, Vi, Vig, Vig2)} |

= | (U1, vig2), (Uz, Vigs, Vigz), (Uz, Vi, Vig1, Vig2) |
=n—1

Now u; € D then odpu; = |N(ui) nV—D|

=2

Then | odp(vy) — odp(u;) | <2, for any
vy, U; € D. Therefore D is the minimum two - out
degree  equitable = dominating set.  Hence,
Y20eC(Pn) =n—1 forn<5.
Theorem 3.3.

For any Cycle C,, ¥2C(Cyr)=n—
1forn<b5.
Proof

Let C, be any cycle of length n and let
V C,={vy,v,..v,} and E C, = ey e;...e, By
the definition of central graph C(C,) has the vertex
set V C,U {u;: 1 < i < n} where u;is a vertex of
subdivision of the edge v;v;y; (I1<i <n—1) and
u, is a vertex of subdivision of the edge v, v;.

Let
D=
(Ulﬂ ui+1)! (Ulﬂ U, ui+1)f (Ulﬂ Ui—1, U, ui+1) ) Where 1 <
i <3 be a dominating set of CC, and v-p=
Wit 1 Vivz Wi Wi 2)s (Vi Ving, Vigz Uimg, Ui 2) Vi1, Vi Ve Vi Wi Uiy 2)

wherel1 <i<3.
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Now wv; €D then ode1=|Nv1nV—D|

é (u1+2) (ub (u1+2 Vl+1) (uz 2 u1+2 Vl Vz+1) n|

W, v, v, v,

l+1 L+ZL i+2 11+1 2 i— 1 L+2 i—1i i+1  i+2 -2 i+2
= | (wi+2), (Ui-1, Ui+2, Vi+1), (Wi-2, Uit2, Vi, Vi+1) |
=n—Z2orn-—1
Similarly, odpu;=odpu;y;=2
Then |odD(v1) —odp (Ui+1) | <2, for any
v1u; € D. Therefore D is the minimum two - out

degree  equitable = dominating set.  Hence,
]/ZDEC(CTI) =n—1f0rnS5.
Theorem 3.4.

For any Star graph K1, ,v2. C(Kige) = 2.

Proof

Let
V Kin= v, v, V2, ... ¥y where deg v = n. By the
definition of central graph of K;, we denote the
vertices of subdivision by v}, 1, ... p'. That is vy is
subdivided by u; 1 <i<n.

Let D = {v,v;} Dbe the dominating set of
CKip)andV —D =, pit1, . L, 1<i<n

Now v € D then odpv = |anV—D|

= |{v',v',...v’}n(v',v , .V }}
12 n i i+l n

=|{v',v',...v'}| =n
1 2 n

Similarly, odpv;=n

Then | odp(v) — 0dp(vy) | <2, for

any
v, v; € D. Therefore D is the minimum two - out
degree  equitable  dominating set.  Hence,

Y 20e C(Kl,n) =2.

4. Two-out degree Equitable domination in the
Line graphsof P, ,C ,and K,

In this section, we obtained the two-out
degree equitable domination number y;,. (G) of the
line graphs of the path P, cycle C,and the star graph

In-
Theorem 4.1.
For any Path P, y2,. L(P,) =n — 3.
Proof
Let P, has n vertices n-1 edges. Let
V ={vy, vy .... vh—1} be the vertices of L(P,) and let
E ={uy, uy, .... uy_,} be the edges of L(Py).

Since the degree of any vertex in L(P,,) is 2
except the initial and terminal vertices.
Let us consider D = {v jV g

dominating set of L(P,) and V — D = {v,_5, vp—1}

.vn_3} be a

Now v; € D then odpv; = |Nvin V—-D |
0dpvipr= [N v nV—DJ =0
Similarly, odp v,,—3= 1. Hence for every
v;, v; € D then |odDu - odD(v)| < 2.So D is the

minimum two-out degree equitable dominating set.
Then y0e L(P,) =n— 3.

Theorem 4.2.
For any Cycle Cy, Y20 L(Cr) =n— 2.
Proof

Let L(Cy) have n vertices and n edges in
which each vertex is of degree 2. That is each vertex

dominates two vertices. Let V = {uy, up, .... u, } be the
vertices of L(C,).

Let us consider
D = {uy, uy .... Uj—1, Ui+1, ... Uy } be the dominating set

of L(C,) and V-D={u;, u;+1}.
Nowodp(w;)=0,j=12..i—2,i+3,...n
odD (ul_ )=1and odD (uiH) =1
Then |od (u )-d (u)|<2
D i Dj
Then D is the minimum two out degree
equitable dominating set

Soy20e L(Cr)=n—2.
Note: The line graph of C,LCis C

n n n

itself.

Theorem 4.3.

For any Star graph K1, ¥20e L(K1n) =
1forn<3.

Proof

Let V ={v, us, uy ...u,} be the vertices of
Kin. Let V={v,usuy ..uy,—1} be the vertices of
L K1n . Letus consider D = {v} be a dominating set
of LK;nandV — D =uy, u,.

Now v € D then odpv = |anV—D|
= | Uzuz N (u1,u2)| =2

Then | odp(u) — odp(v) | <2, for any
u,v € D. Therefore D is the minimum two - out
degree  equitable = dominating set.  Hence,
yZOEL(Kl,n) =1 fOT'?’l < 3

5. CONCLUSION

In this paper, we introduced two-out degree
equitable domination number in the middle, central
and line graph of P,, C,, and K;, graphs. We extend
this study on some more special classes of graphs.
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