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ABSTRACT

Sombor index (SO) is a new vertex-degree-based topological index proposed by

2 2
I. Gutman which is defined as'zxngEE{G:] J(dG(Ii]) + (dG (xj)) where dg (X;) denotes the

degree of X; th vertex of G and I # j This new topological invariant is applied in the areas of chemical

graph theory. In this paper we have obtained the Sombor index of m-shadow graphs of path graph Dm(Px),
cycle graph Dm(Cr), ladder graph Dm(L:) and tadpole graph Dm(Tnp). We have also concluded that, the
Sombor index of m-shadow graph of any regular or finite connected graph G is SO(G)m3.

Mathematics subject classification : 05C09.
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1. INTRODUCTION usually referred as “topological indices”, whose
All the graphs used in this paper are general formula is,

simple connected and undirected. Let G = (V, E)

be such a simple graph which is finite and TI = Z @ (dG (x;),dg (x;))

V(G] = {xl,xg,' "ty xn} denotes the x;x;EE(G)

vertex set with n  vertices and

E(G) = e (G) denotes the edge set where ‘-P(ﬂ, b] is a function with a
-1; i and i commutative property, ie,

where Eij is an edge with ] as ‘i’({l, f]jl — ‘i’(f}, {1), The ordered pair

endpoints. Here dg (XJ) refers to the degree (a,b) , where a=dg(x;) and

sth . .

Of the; vertex 1n G and the minimum, b = dG (xj)’ lS the degree_coordinate (Or d_

maximum degrees of any vertex X; € V(G) coordinate) of the edge

are 55 (1}) and A (xj) respectively for € = xixj S E(Gj . For  example,

f = 1,2,---,M. The number which is D (ds (%), dg (x;)) = dg(x;) +dg (x;)

invariant under graph automorphisms is o

known as graphical invariant and it is often and dg (%;)dg (x}' ) as in first and second

referred to the structural invariant of a graph. Zagreb indices respectively or

The word topological index (TI) generally 2

refers the graphical invariant related to dg(x)* +dg (JCJ-) as in Sombor index [3],

molecular graph theory. There are various
vertex-degree-based  graphical invariants
introduced and studied extensively 26 which is

a novel degree-based index introduced by I.
Gutman in 2021.
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The Sombor index was inspired from
the geometric interpretation of degree-radii of
the edges and for a graph G, the Sombor index
SO(G) is defined as,

S0(G) = Z Jdc;(xijz_"dt?(xj)z

x;—x}-EE{GJ

also [ Gutman has established several
mathematical properties related to Sombor
index in 34. This new topological index has
gained attraction among researchers of
chemical graph theory 1579.

2. PRELIMINARIES

A graph G is an ordered pair
(V[G],E(G)) , where V(G) denotes the
vertex set and E(G] denotes the edge set. If G
has the same end vertices, it is called a loop
and an undirected, loopless graph is said to be
a simple graph. A graph G is finite if its order
and size are finite. In a graph G, the minimum

degree 6 (G) is the minimum number of edges

that are incident from any vertex 7' & V(G)

and maximum degree A(G)is the maximum
number of edges that are incident from any
vertexV € V(G).

Definition 2.1: The Shadow graph D, (G)of a
simple connected graph G is obtained by taking
two copies of G, i.e, G' and G and joining
each vertex !’ € G'to the neighbors of the

corresponding vertex '’ € G''.

Definition 2.2: A m-Shadow graph of G
denoted by D,,(G)is a graph obtained by

taking m-copies of G, i.e.,GI,G”,... ,G{m]

and then joining each vertex
weG,l € [1m-1] to all the
neighbors of the corresponding vertex
vl e G767, 6" i< j = m
8

Definition 2.3: The path between any two
vertices u and v is a sequence of ordered
adjacent for

o = U, 41,492,932 41 = UV
and J;; = W, where W, V,W E V(G)
and are distinct.

Definition 2.4: The Ladder graph is a planar

undirected graph which is the Cartesian
product of two path graphs with only one edge

andisdenotedby L,, = B, X PB,.

Definition 2.5: The Tadpole graph is a special
type of graph consisting of a cycle Cﬂ of atleast
n = 3 vertices and a path Pp with p vertices

connected at a common vertex. It is denoted by

T,

np:
Some of the important implications

are given below:

Preposition 2.1: Let Hﬂ be the complete

graph of order n, and K., anull graph, be its
complement. Then for any graph G of order n,

SO(K,) < SO(G,) < SO(K,)
Equality holds if and only if G = H_ﬂor

G = Kn. Recall that, SO(Kn) = 0 and
. nin-1)2
SO(K,) = ==,

Preposition 2.2: For a path graphP , the
Sombor index is given by,

B V2 forn=12
25+ 2-302 fornz3
and SO(P,) = SO(G) = SO(K,,).

S0(F,)

.SOMBOR INDEX (SO) OF SOME GRAPHS

Theorem 3.1. Let B, be a path graph of order n,

then the Sombor index of m-shadow graph of path
graph B, is,
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SU[DM[FHJ) _ {SU(Pnzzjma forn=2 edges are given by, Vle(Fnjl = mn and

SU(Pnij forn=3 E|Dm[:Pn:]| = m?> (n—1) respectively. The
minimum
Proof. Let
- ' ] m, &
V[Dm(Pnj] o {v}-,v}- s V] [Ln]  be degree 5(Dm(Pﬂ)) =1m, ¥n and the
] ] m

the vertex set, where Ve, Vs s e, Vg be the maximum degree is &(Dm (Pn]) = M for
vertices of m-copies of path graph E,. The vertex — _

f _ AR n=2 and ﬂ(Dm[:Pn]) =2m for
v; are adjacent to ¥;,¥; ,..,¥; only n=3
where 1:1_;",1:1_;”, s v}m are adjacent.

Since D,,, (P, ) are constructed from m-

copies of F‘n, the total number of vertices and

By L. Gutman, SO(G) = ZUJ-UJEE(G] J(ds (1_5}.)]2 + (dg (Pijjz
Therefore for 11 = 2,
SO(Dn(Prcs)) = EID(P] Byt ()77 + (B ()

= m?(2— DVmZ +m?
= SO(P,=p)m’

For 1l = 3, there are 2m? pair of vertices with both minimum and maximum degree

and (Tl -3 ]mz pair of vertices with maximum degree. Therefore,

S0(D(BY)
= zmz\j(é‘[’m{?ﬂ) (vj))z + (ADm(Pn) (UI))2+ (n-g)ms\j(ADm(Fﬂ) (vj))2+(ADm(Pn) (U!))%

=2m*ym2 +4m? + (n-3)m*ym? + 4m?
= 2m?V5 + 2 (n = 3)m32:
= SO(R)m®.

Theorem 3.2. For a complete graph Kﬂ with n-vertices, the Sombor index of m-shadow graph

n(n—-1)2

of H‘H is SU(Dm (Kn]) = SO(KH]TRE where SG(KHJ = NG
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Using Preposition2.2, the above theorems yields the following property, for any graph G with n-
vertices, the Sombor index of m-shadow graph of G is,

S0(D,,(R,)) = 50(D,,(G,)) = s0(D,,(K,))
Lemma 3.3. For a cycle Cﬂ the Sombor index is S 0 (Cn] = ZTL‘V'E

Proof. The order and size of Cﬂ are given by, Vl (Cﬂj | =E | (Dm (Cn]l = M. Since cycle graph is a

2-regular graph, the minimum and maximum degree are 5,5?1 = &Cn: 2. The Sombor index

of Cﬂ is,

50(C,) = EI(C) J G (1)), ()2

=ny4+4

= 212

From Lemma 3.3. we can say that, for a k-regular graph of order n, the Sombor index is

SO(Gx) ="

NED

Theorem 3.4. The Cﬂ be a cycle graph of order n, then the Sombor index of m-shadow graph of cycle Cﬂ

isSO(D,,(C,)) = SO(C,)m?

Proof. Let V[Dm(Cn]] = {Fj:’ T?j”; ---;T?jm:j = [1,?1] be the vertex set, where T?jI,T?j”, ey I?jm

be the vertices of m-copies of cycle graph Cﬂ. The vertex T?; are adjacent to I?I”,T?;”, S I?imonly

where T-T"j” P T?jm P 1_'_?}?“ are adjacent.

Since Dm (an are constructed from m-copies of C , the order and size are given by,
Vle [:anl = MM and Ele {:Cﬂjl = mznrespectively. All cycle graph is a 2-regular graph,
hence the minimum and maximum degree are 6Dm (€) = ﬂﬂm{fn] = 2??’1, Vn.

The Sombor index of Dm (Cﬂ J ls,

S0(D,.(C.)) = EID,(C)| J Bo, e (1)))+(Bo,_ ) WD)?

= m?ny4m? + 4m?
= 2nm34/2
- S0(C,)ym?
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Lemma 3.5. For a ladder graph an the Sombor index is

s0(L) = {H(EH— 2)V2 forn=1.2
i (9n—20)V2+ 413  forn=3

Proof. The order and size of (Ln) are given by,vanl = 2Nand Eanl =3n-—2 respectively. The
minimum and maximum degree for Tl = 1,2 are, 5L = ﬂ‘L =MNand forn = 3, 513 = 2and
n n 1

&Ln =3 respectively. Therefore the Sombor index of Lﬂ, forTl = 1,2 is,

SO(L,) = ElLl [(8,, (5))+(b, 0)?
= (3n—2)yn?+ n?
=n(3n— 21?2

ForM = 3, there are 2 pair of vertices with minimum degree, 4 pair of vertices with both minimum and

maximum degree and 3in—8 pair of vertices with maximum degree.

SO(L,) =2 J@n (v,))2+ (B, @) + 4J(6Ln (1,))2+(y, @))?
+ (3n-8) J Ay, (1))2+(By, ()2

=2V4+4+4+4y44+9+(3n—8)v9+9
=424+ 413+ (9n—24)V/9+9
= (9n—20)V2 + 413

Theorem 3.6. Let Lﬂ be a ladder graph of order 2n, then the Sombor index of m-shadow graph of ladder
graph Lﬂ is,
SO(L{p=y2y)m® for n=1,2
SO(Dm(Ly)) = 3
SO(Lgy )m for n= 3
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Proof. Let V[Dm (Ln)] = {17";, ’I.?j”, ey T?jm:j € [1, 2?1] be the vertex set, where ’I-T"jl, ’I.T"j”, ey I?jm

be the vertices of m-copies of ladder graph Lﬂ. The vertex T?jI are adjacent to 'I.T"I”,'I.?;”, - 'I.?Fionly

where T?j”, T?;”, ey T?jm are adjacent.

Since Dm(Lﬂ) are constructed from m-copies of Lﬂ, the order and size are given by,
Vlﬂm(![aﬂ]l = 2Mn and Ele (L,ﬂ)l =m? (3?1 — 2) respectively. The minimum and
maximum degree for 11 = 1,2 are, 6Dm':ffn:] = eﬁﬂm{Ln]= 71Tl and for 11 == 3, 5Dm{ffn:] =2m

and &Dm (L,)= 3m respectively. Therefore the Sombor index for 11 = 1, 2 is,

50(D,,(L,)) = E|D, (LI J (8,1, (17))2+ Dy, .y (V1))?

=m?(3n—2),/(mn)? + (mn)?
=n(3n— 2)m*2 = SO(L,)m?

ForM = 3, there are 21M°2 pair of vertices with minimum degree, 4 m? pair of vertices with both

minimum and maximum degree and (3?1 - 8]?‘?12 pair of vertices with maximum degree.

SO0(Dp (L)
- ZmzJiﬂﬂm{-ﬂn](Fj)]2+{:&ﬂm{Ln](F£]]2

+4m? J(aﬂm{-{rn] (F}) ) >+ (ﬂﬂm{Ln] (FI) ) ’

+@n— Sjmz J(ﬂﬂm@n] (Ff))E_FEﬂDm{Ln:] (ﬁijjg

= 2m?%/4m? + 4m? + 4m?./4m? + 9m?
+ (3n— 8)m?y/9m?2 + 9m?

= (9n—20)m3V2 + 4m3J13 = S0(L,)m?

Lemma 3.7. For a tadpole graph T{ﬂm}' the Sombor index is

1710 + 213+ 2(n+p — 32 forp=1

S0 = {1£+3m+ 2(n+p—4N2 forp =2
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Proof. The order and size of T{ﬂm} are given by,
VT = El(Tp)) | =n+Dp

The graph has three types of degree: minimum

degree 5T;nap},maximum degree ﬂT{n,p} and

(A

Tinpl Tin,p}) . The minimum and
maximum degree are,
) =1 and A =3

Tinp} Tinp}

SO(Tgnp-13)

respectively. Therefore, the Sombor index of
T{n,p} for P = 1 has1 pair of vertices with

both minimum and maximum degree, 2 pair of
vertices with maximum and

(Arpp) = Orpnpy )
(n+p— 3) pair of vertices with

degrees and

(ﬂ Tr T-' j degrees,
npl fr.pl

-1 (o @)+ (a0 |

+ 2 (ﬂ;,—;mp}

+ (n+p

mp})( ) + ( Tmp}(ﬁ'x))z

-3) {((ﬂrgn,p} ) (7 )) (ar = “P})@IJ)}

= 1410 + 2413 + 2(n+p—3)42

For P = 2, there 1 pair of vertices with minimum and (&Tin,p} - 53~£an}) degree, 3 pair of

vertices with maximum and (ﬂTEn p} 53-;

(ﬂT;an} — 51";@}) degrees. Therefore,

) degrees and Eﬂ + P — 4] pair of vertices with

SO(Tenp) =

(500 ()

(.

~Sro) rcvu)

+3 {((ﬂrgn,,ﬂ Brinm) (¥ )) (”*p}m])z}

+ (n+p

— 4) {((ﬂr;n,p} ) (7 )) (areu - T”})(IJ)}
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=1./{5}+ 3./{13}+ 2(n+p—4)/{2}

Theorem 3.8. Let T{ﬂdﬂ} be a tadpole graph of order n+p, then the Sombor index of m-shadow graph of

tadpole graph T{ﬂm} is,
3 —
CO(D (T  (SO(Tpnp=ny)m forp=1
( m{: {n,p})) - 3
SO(Tppy)m forp=2
_ ' " m o0 " m. ;
Proof  Let V[Dy(Typm)] = {ts?ﬂj,t?ﬂj,---,vﬂj,vpk, Vg Vpp:) € [1,1]  and
= [l,p] be the vertex set, where I?T:LJ., I?T;;, ,I?;:}, I?I;k’ I?,!;L, e, T?;; denotes the of m-
copies of tadpole graph T{n,;u} with n+p number of vertices. Every I?Tij, T.?;k
(for 1= j=nand 1 =< k< P )vertexinthe it copy of T{ﬂm} is adjacent to
i+1 i+2 . m i+1

pitl pm opitl pitz L opm

np Vg 0T e Ve Vpg Vg 07T Vg of all

i+1,i+2,-, mth CG’piES Gf T{nm},wherever 'I.T"Tij, T’?i';k are adjacent.
Since Dm (T{n,’p}) is constructed from m-copies of T{n,p}' the order and size are given by,

V|D,, (T{n,p}jl =m(n+p) and E|D, (T{mp}]l =m? (n+p) respectively. The

minimum degree is Eﬂm{T’n p}} = M and the maximum degree is &Dm{T’n p}} =3m.
LT L]

Therefore the Sombor index for P = 1 is,

50 (Dm(T{Tw=1})): m {(ﬁﬂm{ﬁn,p}}(ﬁf))z * ('ﬂnm{rgmp}}@?f))z} N

2
2m? ((ﬂﬂm{rin,p}} o 5Dm{'r£n,p}}) (Ff ) ) 2+ (ﬂﬂm{T;an}} (FIJ) +

n+p—

m {((&Dm’{?;“*?}} N Eﬂm{rimp}}) (Ff ))2 * ((ﬂﬂm{nn,p}} - Enm{:r;n,p}}) (Px))z}

= m? /{m? + 9m?} + 2m? /{4m® + Im?} +
(n+p—3)m?/{4m? + 4m?}
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m?® V10 + 2m® V13 + 2(n+p—-3)m*2
SO(Tgpp=py )

For P = 2 , there are m? pair of vertices with minimum and

_ 2 . . . .

(ﬂ Dy, {Timp}} ) Dm{T;an}} ) degree, Im pair of vertices with maximum and
— _ 2 . . .

(ﬂ Dy {Tin,p}} o Dm{T;an}} ) degrees and (Tl +p 4 ] m pair of vertices with

(ﬂﬂm{T;an}} — 5Dm{T;an}}) degrees. Therefore,

SU(Dm(ﬂmﬂ))=

2

" \/ (Enm{r;n,p}} (v )2 * ((ﬂﬂm{rin,p}) - Snm{rin,p}}) (FI]) N

sz \/{ (('ﬁﬂm{?";n,p}} B Enm{?‘;n}p}}) (Uj) )2 * (&Dm{TEmp}] (T'?I ] )2} N

(n+p—

4)m? \/ {((ﬂnm(rsn,p}} - Enm{rzmp}}) (v )) + ((ﬂnm (Tenz) — Eﬂm{TEmp}}) (FE))
T + ame [T+
(n-+ p — 4y T + 4]

=m3,/{6}+ 3m?/{13}+ 2(n+p —4)m3*,/{2}
= S0(Tp, p )m?

Lemma 3.9. f S0 (Gﬂ] is the Sombor index of a finite connected simple graph G, then the Sombor
index of a regular graph GT'E isS0 (Ga_,if ] =€ (Gﬁf )k\)@

Proof. For a graph G = {V,E} with vertex set V(G) = {'I.T"l,l?z, ey 'I.?n}, and edge set
E (GJI = EtGﬂ ], the Sombor index can be written as,

S0(6.) = 0(6 \/{(dgn(vj))z + (d0))

If GT'E is a regular graph with regularity k, then,
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SO(G¥) = e(GM)J{kZ + k)
= e(GIkV2

Theorem 3.10. The Sombor index of m-shadow graph of G is S50 (Dm (Gn]) = S0 [Gﬂ)mg

and if G:f is a k-regular graph, then 50 (Dm (Gﬂk )) =50 (GT'I: ]mg,

Proof. The m-shadow graph of G has m times the order of G and m? times the size of G, hence the

degree of any ’I.?j e V(G} is also multiplied by m. Therefore,

SU(Dm [Gn]) =m?e(G,) {(mdgn (Fj))z + (mdﬂn (FI])Z}

= m? e(G,) {(d,gn (pj))z + (dsn (T?ij)z}
= SO(G)m?

Similarly, The m-shadow graph of a regular graph Ga_,i': has m times the order of G:: and 717 times the

size of GTF: and it is mk-regular. Therefore,

SO (D (65)) = m? e(GI)/{mk)> + (mk)?3

= m2e(GF)in2
— SO(GK)m?

4.CONCLUSION
From the results obtained we arrive at
a conclusion that, for any regular or finite
connected simple graph G, the Sombor index of
m-shadow graph of G is the product of Sombor

index of G and cubic times of m, i.e, 3.

S0(D,,(&)) = So(G)ym*.
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