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Abstract

In this paper, we study projective vector fields on N{k)-contact metric manifolds. We obtain
classification theorems for N(k)-contact metric manifolds admitting projective vector fields under the
assumption of constant scalar curvature. we show that such a manifold is Sasakian or locally isometric to
E™1(0) x S™(4.. A rigidity result is established showing that a projective flow is a curvature collineation

under certain conditions.
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1. Introduction

Contact metric geometry is an important
area of differential geometry due to its deep
connections with Riemannian geometry,
topology and mathematical physics. A contact
metric manifold is an odd dimensional manifold
endowed with a structure (¢,&,7,g) satisfying
certain compatibility conditions. The
foundational study of such manifolds was
developed by Blair [3].

A natural generalization of these manifolds is
given by N(k) -contact metric manifolds,
introduced by Blair, Koufogiorgos, and
Papantoniou [7] via the k-nullity distribution.
These manifolds have been widely studied for
their curvature properties and geometric
structures [12]. Recent works further explore
special structures such as Ricci solitons and
Einstein-type conditions on these manifolds [8].

On the other hand, projective
transformations preserve geodesics up to
reparameterization and play a significant role in
understanding geometric symmetries. The study
of projective vector fields has been widely
developed in the context of Riemannian and
semi-Riemannian manifolds, where they are
closely related to curvature tensors, especially
the projective curvature tensor. Projective
vector fields and curvature tensors have been
extensively studied in various geometric

settings, including contact metric manifolds [2].
Projective vector fields generalize several
important classes of vector fields. In particular,
every affine vector field 1 (for which LV = ()
and every Killing vector field (which preserves
the metric) is projective, but the converse is not
true in general. Therefore, projective vector
fields form a broader class that captures deeper
geometric symmetries. Recent research has
focused on under-standing projective
symmetries in special geometric structures such
as Sasakian manifolds and N(k)-contact metric
manifolds [7,10]. In this context, projective
vector fields provide an effective framework for
analysing how geometric structures behave
under transformations that preserve geodesic
paths. Their study leads to important results
concerning curvature restrictions, rigidity, and
classification of manifolds.

Motivated by these developments, the
present work investigates projective
transformations on N{k) -contact metric
manifolds, focusing on the behaviour of the Levi-
Civita connection and curvature tensor under
projective vector fields.

2. PRELIMINARIES
A (2n+1) dimensional differentiable

manifold M is said to admit an almost contact

structure
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if it admits a tensor field ¢ of type (1, 1),
a vector field §, and a 1-formn satisfying [5,4]
Pr2X ==X +nX)ENE) =195 =0 =
0. (2.1)

An almost contact metric structure is said
to be normal if the induced almost complex
structure J on the product manifold M X R
defined by

JX, fd/dt) = (¢X — f§,n(X)d/dt) is

integrable, where X is tangent to M, tis the
coordinate of R and f is a smooth function on

M X R.

Let g be a compatible Riemannian metric
with the almost contact structure (¢, £, n)that

is,

9@X, V) = gX, V) —n(XOn(), (22

for all vector fields X,Y on M.

Then M becomes an almost contact metric
manifold equipped with the almost contact

metric structure ( ®.$.1.9). In an almost
contact metric manifold the following hold:

nX) =9X,$),9(@X,Y) =—-gX,¢Y), (2.3)
for all vector fields XY on M An

almost contact metric structure ( ¢.$m.9) s
said to be a contact metric structure if

dn(X,Y)= g(X, ¢Y), (2.4)

for all vector fields XY on M A
normal contact metric manifold is called a
Sasakian manifold. An almost contact metric
manifold is Sasakian if and only if

Vx@)Y = gX,V)E—n(¥)X,  (25)

for all XYETM , where V denotes
the Levi-Civita connection of the Riemannian
metric

49 . A contact metric manifold
(M, ®,£,1,9) for which {is a Killing
vector field is said to be a K-contact manifold.
Blair, Koufogiorgos and Papantoniou [7]
introduced the (k, /‘)-nullity distribution on
a contact metric manifold and gave several
reasons for studying it. The (k'ﬂ)-nullity
N(k,1) of a contact metric
manifold M i defined by
N(k,p):p— N_p (k) = {W
ETpM:RX, Y)W
= (kI + uh)(g(Y, W)X
—gX,W)r)},

distribution

for all X,YETM  where & € N(K) and

R is Riemann curvature tensor.

A contact metric manifold M with

SEN(k M) is called a (k. 1) -contact
metric manifold. If k=0 the (k. 1)
nullity distribution reduces to the k-nullity
distribution.

The k -nullity distribution
a Riemannian manifold is defined by [9]

Nk)p—Npk)={ZeT pM:RX,Y)Z
=klg(Y,2)X —g(X,Z)Y]}

N(k) of

where k is a constant. If the
characteristic vector field £ € N (k), then the
contact metric manifold is called an N (k).
contact metric manifold [1]. If k=1 then
the manifold is Sasakian, and if k= 0, then

the manifold is locally isometric to the product

E™1(0) X S*(4) for n>1
and flat for n=14)

However, for an N(k) - contact metric
manifold M of dimension (2n+1), we
have [6]

VXPY =gX+hX,Y)§E—n(¥)X+ hX (2.6)
((VXm(Y) =—g(¢X + $hX,Y),) (2.7)
(VX & =—¢pX — phX,) (2.8)

5
where = s L.

Moreover, h*=(k—-1¢*  In an
N(k) - contact metric manifold the
following hold:
(R(X,Y)§& = k[n(Y)X —n(X)Y],) (2.9)
(R X)Y& =k[g(X,Y)§ —
n(¥)X1,) (2.10)
S(Y, &) =2nkn(y), (2.11)
where S denotes the Ricci tensor.

Definition 2.1. A vector field Von a

Riemannian manifold M with connection
Vs called a projective vector field if there is
a scalar 1-form Pon M satisfying
(Ly?)(X,Y) = p(X)Y + p(NX.  (2.12)
It is to be noted that if LyV = 0, 4
is called affine vector field and Vis Killing if
Lvg=0.5 Vyector field is torsforming
ona N (k)-contact metric manifold if
VxV = pX +n(X)V, (2.13)
where P is a scalar function.
From (2.13) and Vxé=—¢X — phX
we compute
Ly = Vv = ViV, e have
Lyi ==V —phV—pl{ -V (2.14)
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From (2.13) again, we get

(Lvg)(X,$) =g(VxV,$)+ g(X, VeV)

(Lvg)(X,§) =g(eX+n(X)V,{)+ g(X, p§ +V)
LV X E) =2pm(X) + n(X)n(V) + g(X,V) (2.15)

(LVmX& =LV @&, + g, LV EO&
=2pn(X) +nCOn(V) +gX, V) + g(X, —¢V

— GhV — & — V)
= pn(X) +n(X)n(V) — g(X,¢V) — g(X, phV).(2.16)
(Lvd)(X) = Ly(¢X) — d(LvX)

= Vy(@X) — VoxV — ¢p(VvX — VyV)
— (VV(P)X - V¢XV + ¢VXV

=g(X,V)$ + g(hv, X)¢ —n(X)V —n(X)hv

—pdX + pdpX +n(X)pV

=gX,V)§+ gV, X)§ —n(X)V —n(X)hV +

nX)pv. (2.17)
Thus we have

Theorem 2.2. In an N(k)-contact metric
manifold, a projective vector field V which
is also a torse forming vector field transforms
the structure tensors ®.&.Mand the metric

Jaccording as (2.14),(2.16), (2.17) and
(2.15) respectively.

Proof:

We have the following commutation
formula due to Yano[11
(LLVRXY)Z&=WVXLVV)Y,Z) -
VYLVWV)X,Z).)

(2.18)

Using (2.12) in the above equation, we get
LVRYXYVZ=WVXp(MZ-VYpX)Z+
VXp)2)Y — (VY p)(Z)X.

(2.19)

Setting Z = ¢ in the above equation, we
obtain
LVR)(X,Y)E =V Xp)¥)E— VY p)X)S +
VXp)E)Y = (VY p)(©)X.

(2.20)
3. Projective vector fields on N(k).
Contact metric manifolds

In this section we consider Vas a
projective vector field which is also conformal
on a (2n+1) dimensional N(k)
contact metric manifold M

As is well known that a vector field Vis
a conformal vector field if VeV =f X, where

fis

a scalar function.

Suppose the projective vector field Vis
also conformal. i.e,

ViV =fX (3.1)
and (Ly")(X,Y) = p(X)Y + p(Y)X
where Pisa 1-form.
We now compute

Ly§ =[V.8]= Vv — ViV, (3.2)

From (2.8) and (3.1) in the above equation,

we get
Ly =— ¢V — phV — fE. (3.3)
Taking Lie derivative of (2.9),with respect

to V', we obtain

LV R)Y(X,Y)E = (LVmX)Y —(LVmI)X -

R(X,Y)L_V &. (3.4)
Taking Y=¢ and using (2.9), we

obtain

LV R)Y(X,Y)E = (LVmX)Y —(LVmI)X -

R(X,Y)L_V &. (3.5)
Using (3.1) and (2.9), we obtain

(LVRYX,$)$ = (LVn)(X)§ — LV X)X —

R(X,&)L_VE. (3.6)
Using (3.3) in the above equation, we get

RX,OLV E =k[—fX +g(X, ¢V + phV + f§)¢]

3.7)

From (3.5) contracting with ¢, we get

LV R)(X,$)$, )& = (LV m(X) —

LV mEnEX) +k(fnX) - gX, V) @& —

g&X, phV) — fn(X)).) (3.8)
Hence,
(Lym)(X) = fn(X). (3.9)
Therefore v is a contact
transformation.Now,
(Lyd)(X) = Ly (¢X) — p(LyX)

= Vy(¢X) — V¢XV — oWy X) + d(VxV)

= (T )X) = VsV + ¢(TxV).  (3.10)
Using (2.6) and (3.3) in (3.10), we have
Lyp)X) =gV +hV,X)é—n((V+hV). (3.11)
Also from ViV =fX and
(Lvg)(X,Y)= g(VxV,Y)+ g(X,V¥V) | we
have
(Lvg)(X,Y) =2fg(X.Y). (3.12)
Since d commutes with Ly and
dn(X,Y)= g(X, ¢Y) we have.
@dLym)(X,Y) = (Lyg)(X, pY) +
9(X, (Lyp)Y) (3.13)
But (Lvm)(X) = fn(X) in
@LymX,Y) = X(Lym)(¥Y) =Y (Lym)(X) —
(Lym)[X,Y] gives.

dLymX,Y) = X)) — (Y HnX) +
f(Txm @) = (Fym) (X)) (3.14)
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Using (3.10), (3.11) and (3.13) in (3.12), we
get

XOn@) + Y InX) —2fg(dhY,X) =
2fgX,dY) + gV + RV, X)n(¥Y) — gV +

hV, Y)n(X). (3.15)
Tracing with respect to X and Y

gives
{f=0. (3.16)

Putting Y=%in (3.14), we obtain
Xf=g(V+hV,X) —n(Vn(X), (3.17)
or
gradf =V + hV —n(V)E. (3.18)
Using (3.3) and (2.9) in (3.1), we have
LyRX,Y)E = f(n(NX —nCOY) + RX, V)¢V
+RX, Y)phV — f(n(Y)X

—n(X)Y)
=R(X,Y)¢V + R(X,Y)phV (3.19)
we have
LySH(Y,2) = Vp)(¥) - (2n+1)(Wyp)(2)

(3.20)
From (2.12) and (3.11) and we have the
formula
(VxLyg)(Y,Z) = g((LyV)(X,Y),Z) +
g((LyV)(X,Z),Y), we have
2p(X)g(Y,Z) +p(V)g(X,Z) + p(Z)g(X,Y) =
2(Xf)g(Y,Z) (3.21)

Putting X =Z = € n(3.20), we obtain

p(¥)=15Y (3.22)

Substituting this in (2.19) and using (3.18),
& =0
R(X, V)9V + R(X,Y)PhV = (¢X(f) + phX(f))Y
(3.23)
Taking Y={and using (2.9) in the
above equation, we get
—k(mX)(PV + phV)) = (pXf + phXf)S.(3.24)
Contracting (3.22) with Z and taking
IRV, Z) + g(R(X,Y)PhV,Z) =
(¢X(N) + ohX(£)g(v,2) — (N)f +

(phY)f)g(X, 2). (3.25)
Contracting (3.23) with ¢ we get
(¢X + ¢hX)f =0, (3.26)
Now changing h o hX and é
to ®X in the above equation, we have This
implies

(—hX+(1-K)X)f =0
h(gradf)= (1 — k)gradf. (3.27)
Since (m+2)p(Y)=Yf , i

p(X)= g(X,U) then, we get
gradf =(n+2)U

This value of gradf i (3.26) gives
hU=(1-Kk)U (3.28)
If h annihilates U, then k=1

and M pecomes Sasakian. Thus from (3.27)
we have the following.

Theorem 3.1. Let V be a projective vector field
N (k)-manifold
u corresponding

which is also conformal on
M. Then vector field

to one form p is an eigenvector of h with
eigen value

(1—k), Further if
U then M is Sasakian.

h annihilates

Proof. From (3.21), we have
p(X)= dfi(X), (3.29)

- X

where A= Ef_

From (2.19) and (3.29), we derive
(2n + 1)(LyR)(X,Y)Z = Hessf, (X, Z)Y —
Hessf, ((Y,2)X (3.30)

where Hessf(X,Y) = g(VxgradfY)
L)X, Y) = (5o57) (Hessf (4, V) -
Afg(X,Y)), (3.31)

where Af = divgradf is the

Laplacian of f.
Thus from (3.30), we have

Theorem 3.2. A projective conformal vector

field Voon a N(k) -manifold is a
curvature collineation if and only if
Hessf(X,Z)Y = Hessf(Y,Z)X and Ricci

collineation if and only if
Hessf((X,Y)= Afg(X,Y)

Proof:
Further if Hessf(X,Y)= A9(X,Y) |
then from (3.29), we have
=M
where T on+?

Thus we have

Theorem 3.3. A projective vector field on

N(k)-manifold M which is also conformal
trans-forms M into manifold of constant
curvature like structure.
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Proof:

Further contraction of (3.31) with respect
to X and Y gives
Lyr =— 2nVf.

If 9is a Ricci soliton with potential
vector field V as projective vector field, then
from the Ricci soliton equation
Lyg)(Y,Z)+25(Y,Z)+24g(Y,Z) and p(X) =

;Xf in the commutation formula
2n+1

(VxLyg)(Y,2) = g((LyV)(X,Y),Z) +
g((LV ‘7) (X' Z)' Y)»
we have
=2+ DV S(Y,2)
=2XNg¥.2) + (Yf)gX, Z)
+(ZHgX.Y),
which then implies that

Xr =(Vyr) =—E22Xf.

(n+1)
Therefore the scalar curvature ris constant
if and only if fis constant. O
Thuse we have

Theorem 3.4. Let V be a projective vector field

on N(k) -manifold M which is also
conformal with conformal factor f. Then scalar
curvature r is constant if and only if f is a
constant.

Proof.

Using

(LyV)(X,Y) = VxVyV — VyuyV + R(V, X)Y
and (2.12), we have

RWV,X)Y =pX)Y + p(V)X — (Xf)Y (3.33)
Applying M on both sides of the above
equation, we get

nRWV,X)Y) =pOn¥) +p¥InX) —

&Hn@). (3-34)
On the other hand, contracting (2.9) with
14 , we have

nRX, YIV) = k[n(MgX,V) -

nXg, ] (3.35)

Comparing the two expressions, we obtain
pX)n(¥) +p(V)nX) — (Vxp)n(¥) =
kin(r)gX,v) =nX)g ¥, V)] (3.36)

Setting Y={in (3.35), we get
P +pnX) = Xf = klg(X,V) —=n(X)n(V)]

(3.37)

Taking X=¢ in (3.36), we get

p(&) = &f = 0. Therefore
P(X) — @)X = klg(X,V) —n()n()]. (3.38)

Since P(X) = ! Xf = ! df (X) gives

2n+1 2n+1

2n
s Af ) = Klg(x.V) —n()n(vV)]

Thus from Theorem (3.4), we have

Theorem 3.5. If N(k) -manifold M

admitting conformal projective vector field is of

constant curvature, then it is isometric to
En+1(0) X 5"(4).

4. CONCLUSION
In this paper, we have investigated

projective vector fields on N(k)- contact
metric manifolds and established classification
and rigidity results. We showed that, under
suitable conditions, the manifold becomes
Sasakian or is locally isometric to E™1(0) x
S™(4). Furthermore, projective conformal vector
fields induce curvature and Ricci collineations
under appropriate conditions, while the scalar
curvature is constant if and only if the conformal
factor is

constant. These results demonstrate that
projective transformations impose strong

geometric restrictions on N(k) -contact
metric manifolds and reveal significant rigidity
phenomena in contact metric geometry.
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	Contact metric geometry is an important area of differential geometry due to its deep connections with Riemannian geometry, topology and mathematical physics. A contact metric manifold is an odd dimensional manifold endowed with a structure ()  satisf...
	if it admits a tensor field 𝝓 of type (1, 1), a vector field ξ, and a 1-form 𝜼 satisfying [5,4]

