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Abstract

Let G be a graph with no isolated vertices, and consider a subgraph H of G. Then the graph G admits an
H-decomposition, if its edge set E(G) can be partitioned into pair wise edge-disjoint subgraphs, each
isomorphic to H. Let Si represent a star with n vertices. In this paper, complete four-partite graphs that
can be decomposed into the union, S 3U S4 are characterised.
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1. INTRODUCTION

Finite and undirected graphs are considered in
this paper. The complete four-partite graph is
denoted by Kkimn and the starKi,»-1 by Sn .If the
star Sn has vertex set {v1,v2,v3,...,va } with edge set
{vivi: i=2,3,...,n}, it may alternatively be written
as as S{v1:v2,v3,...,Vn }.

A characterization of bipartite graphs that
admits a decomposition into copies of the union
of two arbitrary stars Sp and Sq is given in [1]. In
this work, we focus on the specific case p = 3 and
g = 4 and attempt the decomposition of four-
partite graphs. The case of p=2 and q=3 is given
in [2].

2. PRELI MINARIES

A graph G is m-partite, m>1, if it is possible to
partition V(G) into subsets or partite sets Vi,
V2...Vm, such that every edge of G joins a vertex of
Vito avertex of V; for i# j. In a complete m-partite
graph, every vertex u in Vi is adjacent to each vin
V;j fori#j.

Let G be any graph and F={ G1,G2,...Gx} be a
family of subgraphs of G. An F -decomposition of
G is an edge-disjoint decomposition of G into
copies of Gi for i = 1,2,..k, provided, no Gi has
isolated vertices. Obviously, ki is a positive
integer. If each Gi is isomorphic to a graph H then
G is H- decomposable or G has an H-
decomposition, denoted by H | G. Clearly, when
H | G ,then e(H) | e(G), but not conversely.

3. DECOMPOSITION OF Kkimn, THE
COMPLETE FOUR-PARTITE GRAPH INTO
S3U Ss

3.1.Lemma:If H|GiandH|Gzthen H|GiU Ga.
3.2 Theorem [1] Let m, n, p, q be positive
integers such that mn =22 and p # q. The
necessary and sufficient condition that the
complete bipartite graph Kmn is S p+1US g+1 -
decomposable is (i) m+n = p+q+2 and (ii) mn =
0(mod(p+q)).

3.3 Theorem [1] The complete tripartite graph G
=Kjmn is S3U S4 decomposable if and only if e(G)
= 0(mod5), I+m+n 27, G #K 133 and G #K 1,1,51+2,
nx1.

Proof: When G =Kjmn is S3 U S4 -decomposable,
necessarily we have, e(G) = 0(mod 5).The stars
Sz and S4 are vertex disjoint. Hence we have, I +
m+nz7 IfG=Kzsmz, e(G)=10n+15=
0(mod5). Let V(K 1,1,5n+2 ) = { 0,v,w1,W2,...W sns2}.In
any Sz U Ssdecomposition of G , the edge uv
cannot be included in any copy of S3U Ssas both
the vertices are adjacent to all the remaining
vertices. Conversely, when e(G) = 0(mod 5), Im +
mn +In = 0(mod 5), which is true when

at least two of [, m, n are multiples of 5

[=1(mod 5) ,m= 3(mod 5) and n= 3(mod 5)
[=1(mod 5) ,m= 1(mod 5) and n= 2(mod 5)
[=2(mod 5) ,m= 2(mod 5) and n = 4(mod 5)
[=3(mod 5) ,m=4(mod 5) and n = 4(mod 5)

Case (i): Let /= 5%, m = 5y and n =z, where, X, y,

z 21
E (K I,m,n) = E(K 5x,5y,z) = E(K 5x,5y+z) U E(KSy,z)
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By Theorem 3.2, the complete bipartite graphs
on the right hand side of the above equality are
S3U S4 decomposable and lemma 3.1 proves the
S3U S4 .decomposability K ,mn .

Case (ii) Let k=5a, I = 5b+1 ,m = 5c+3 and n =
5d+3.The least values of [,m,n are 1,3,3; but the
graph K133 is not S3U S4 — decomposable. Hence
we choose, x,y 2 0andz = 1.
E (K ymn) = E(K sx+15y+352+2) = E(K 5x5y+52+6 )
U E(K1,5y+3,52+3)

= E[K 5x,5y+52+6,) U E(K 5y,5z’+9) U E(K 1,3,52’+8)
where z’ = z-1

= E(K 5y5y+52+6) U E(K 5y,5249) UE(K 520) U E(K
1,38)

Applying Lemma 3.1, Theorem 3.2 and
decomposition 3.3.4 in the last equation, we see
that, K ,mnis S3 U S4 -decomposable.

Case (iii) Letk=5a, I=5b+1,m=5c+1land n=
5d +2, where, a,b,c,d > 1
E (K I,m,n) = E(K 5x+1,5y+1,5z+2) = E(K 5x,5y+52+3 )
U E(K1,5y+1,52+2)
E(K1,5y+1,52+2) =E(Ksy+2,52) UE(K1,5y+1,2)
E(K15y+1,2) =E(K50y-1),3) UK1,2,6

Applying Lemma 3.1, Theorem 3.2 and
decomposotion 3.3.3 to the last equation and
moving backwards, we get the S3 U S
decomposability of E (K ,mn)

Case (iv)Let [ = 5x +2, m = 5y+2 and n = 5z+4,
where, x,y,z =1
E (K I,m,n) =E (K5x+2,5y+2,52+4) =E (KSX,5y+Sz+6) UE
(K2,5y+2,52+4)
=E(K5x,5y+52+6) UE(KSy,Sz+6)U E(KZ,2,52+4)

= E(KSX,5y+52+6) ) E(KSy,Sz+6) U
E(Ks24)E(K2,2.4)
E (K224) is S3U Ss - decomposable. Hence the
proof as in case (iii)

Case (v) Let I =5x+3, m =5y +4 and n =5z +4
where, x,y,z =1
EU(I,m,n)=E(K5x+3,5y+4,52+4)=E(KSX,Sy+SZ+8) V] E(K3,5y+4,
52+4)
= E(KSX,5y+SZ+8) V) E(KSY,SZ+7) V) E(K4,3,Sz+4)
=E(K5x,5y+52+8) V) E(KSY,SZ+7) V) E(KSZ,,7) V)
E(K344),
Where (K34,4)is S3U Sa - decomposable, which
completes the proof. Next, we examine the S3U S4
decomposability of the complete four-partite
graphs. The following elementary
decompositions are used in the proof.

3.3.1 Decomposition of K 1,1,1,9

Let V(K 1,1,19) = {11}V
(21}{31}U{41,42,43,44,45,46,47,48,49}. The
partition is ${11:21,42} U{31;41,43,48},
S{21:42,49} U{11;31,43,44},

S{31:21,44} U{11;45,46,47},

S{41:11,21} U{31;45,46,47},5{31:42,49} U{21;4
3,44,48},5{11:48,49} U{21;45,46,47}

3.3.2 Decomposition of K 12,34

Let V( Ki234) ={11}U {21,22} U {31,32,33}U
{41,42,,43,44}.The edges are decomposed as,
S{11:41,31,32}u{44;21,33},
S{11:21,23,42}u{22;31,32},
S{11:22,43,44}US{31;41,42},
S{22:33,41,42}uU{43;31,21}, S{21:33,41,42}U
{22;43,44}, S{32:41,42,43}u {21;31,33},
S{44:31,32}uU S{33;41,42,43}.

3.3.3 Decomposition of K 1,4,4,4

Let V( K1444) ={11}U {21,22,23,24} U
{31,32,33,34}u {41,42,,43,44}. K 1,444 has the
following SsU S4 — decomposition. S{24:43,44}U
S{11;21,22,23}, S{23:41,42}uU S{11;31,32,24},
S{24:41,42}uU S{11;41,34,33}, S{24:31,32}U
S{11;44,42,43}, S{24:33,34}U S{21;31,32,41},
S{22:31,32}uU S{22;44,42,43}, S{23:43,44}U
S{22;41,33,34}, S{23:33,34}U S{22;42,43,44},
S{21:33,34}uU S{31;41,42,43}, S{44:33,34}U
S{32;41,42,43}, S{44:31,32}U S{33;41,42,43},
${23:31,32}uU S{34;41,42,43}.

3.3.4 Decomposition of K 22,23

LetV( Kz3,33) ={11,12}U {21,22,23} U
{31,32,33}uU {41,42,43}.The S3U S4
decomposition of this graph is S{21:11,32}u
S{31;41,42,43}, S{12:41,42}U S{11;22,31,43},
S{21:31,43}U S{11;41,42,32}, S{21:41,42}U
${12;31,32,43}, S{12:21,22}U S{32;41,42,43}.

3.3.5 Decomposition of K 23,33

Let V( Kz333) ={11,12}U {21,22,23} U
{31,32,33}U {41,42,43}. The S3U S4
decomposition is S{22:42,43 }uU ${11;21,22,23},
S{12:31,41}u S{11;31,32,33}, S{12:32,33}U
S{11;41,42,43}, S{31:41,42}uU S{22;31,32,33},
S{22:41,42}U S{21:32,33,43}, S{22:33,43}U
${21;31,41,42}, S{32:41,42}U S{23;31,33,43},
S{43:31,32}U S{33;41,42,33}.

Now we prove the main result.

3.4 Theorem

The complete 4-partite graph G = Kkj,m,n,
k+l+m+n=7 isS3U S4 - decomposable if and only if
e(G) =0 (mod5) and G # K 1,1,1,5n+4

Proof: When G is decomposable, it necessarily
satisfies e(G) = 0 (mod5). Also we have, k+
[+m+n27, forSzand Ss are vertex disjoint.
Sufficiency: If e(G) = 0(mod5), we have

at least three of k, I, m, n = 0(mod5)

k =0(mod5), = 1(mod5), m = 1(mod5) and n
= 2(mod5)

k =0(mod5), = 1(mod5), m = 3(mod5) and n
= 3(mod5)
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= 0(mod5), = 2(mod5), m = 2(mod5) and n
4(mod5)
= 0(mod5), [ = 3(mod5), m = 4(mod5) and n
4(mod5)
k =1(mod5),! = 1(mod5), m = 1(mod5) and n
= 4(mod5)
k =1(mod5), ! = 2(mod5), m = 3(mod5) and n
= 4(mod5)
k = 1(mod5), ! = 4(mod5), m = 4(mod5) and n
= 4(mod5)
k = 2(mod5), I = 2(mod5), m = 2(mod5) and n
= 3(mod5)
k = 2(mod5), I = 3(mod5), m = 3(mod5) and n
= 3(mod5)

n =1 =

Case(i): Letk=5a,1=5b, m = 5c and n>1
E(Kiimn) = E(Ksasp,5cn) = E(Ksa,5b+5c4n) U

E(Ksb,5¢n)
= E(KSa, 5b+5c+n) U E(K5b,50+n) U E(KSc,n)
(M
When n =1,
E(Ksasb,5c1) = E(Ksasbeser1) UE(Ksbsc 1)

E(Ksa, 50+5c+1) U E(Ksp-
1),50+1) UE (K5,55+1)
= E(Ksq, sp+5¢ +1)U E(Ksp-1),5¢+1) UE(K5(c-1),6)
UE(K5,5,1)

Case(ii): Let k = 5a, I = 5b+1, m = 5c+1 and
n=5d+2, where a=0,b,c,d > 1
E(Kkimn) = E(K sa5b+1,5c+1,5d+2) =E(K 5a,5b+5c+5d+4)
UE(K 5b+1,5¢+1,5d+2)

= E(K sa 535b+5c+5d+4) U E(K s5b5c+5d+3 )
U E(K1,5c+1,5d+2)

= E(K sa 5a5b+5c+5d+4) U E(K sb5ce5d+3 )
U E(Ksc+2,54) UE(K1,5¢+1,2)

= E(K sa sasb+scesars) U E(K sbscesd+s )
U E(Ksc+2,54) UE(K5(c-1)3) UK1,26

Case(iii): Let k = 5a, I = 5b+1, m = 5c+3 and
n=5d+3, wherea,b,c = 0andd =1

E(Kk,l,m,n) = E(K Sa,5b+1,5c+3,5d+3) =E(K Sa,5b+5c+5d+7)
UE(K 5b+1,5¢+3,5d+3)
= E(K sasb+5cesde7) U E(K sbsce5de6 )
U E(K1,5c+3,5d+3)
=E(Ksa,50+5¢+5d+7) UE (Ksb, 5c+50+6 ) UE (Ks¢,50+9) U
E(K1,354+8) where d' =d —1
= E(K 5a,50+5¢+5d+7) U E(K 5,5c+54+6) U
E(K 5¢54+9) U E(K 5a,9) UE(K 1,3,8)

Case(iv): Let k = 5a, I = 5b+2, m = 5¢+2 and
n=5d+4, wherea = 0Oandb,c,d =1
E(Kk,l,m,n) = E(K Sa,5b+2,5c+2,5d+4) :E(K Sa,5b+5c+5d+8)
V)
E (Ksb+2,5c+2,5d+4)
= E(K sa,5b+5c+5d+8) U E (Ksb,5¢+54+6) U
E (K2,5c+2,5d+4)
=E(KSa,Sb+5c+5d+8) U
E(Ksb,5c+5d+6) UE(Ksc,5d+6)U E(K2,2,5d+4)

= E(KSa,5b+5C+5d+8) U
E(Ksb,5c+5d+6) UE(Ksc,5d+6)U E(Ksd,4) E(K2,2,4)

Case (v): Let k= 5a, I= 5b+3, m= 5c+4 and n=
5d+4
E(Kxj,mn) = E(K  s5a5b+35c+4,5d+4) =E(K
5a,5b+5c+5d+11) UE (K 5b+3,5¢+4,5d+4)
=E(K
5a,5b+5¢+5d+11) UE(Ksb,5¢+5d+8) U E(K3,5¢+4,5d+4)
= E(K sasb+5c+5d+11) U E(Ksb,5c+5d+8) U
E(Ksc5d+7) U E(K4,3,5d+4)
= E(K sa5b+scesd+11) U E(Ksbscesdass) U
E(Ksc5d4+7) U E(Ksd,7) U E(K3,4,4),
Case (vi): Let k= 5a+1, [= 5b+1, m=5c+1 and n=
5d+4
E(Kk,[,m,n) = E(K Sa+1,5b+1,5c+1,5d+4)
=E(K 5a,5b+5¢,5d+6) UE(K 1,5b+1,5¢+1,5d+4)
=E(K 5a,5b+5¢,5d+6) UE(K sb,5¢+5d+6) UE(K1,1,5¢+1,5d+4)
= E(K sasbesesdrs) U E(K  sbsersdss) U
E(Kscsar6) UE(K1,1,1,5d+4)
= E(K 5a5b+5¢5d+6) U E(K s5b,5c+5d+6)
UE(Kscsars,) VE(Ks@-1)3) UE(K1,1,1,9,)

Case (vii):Let k= 5a+1, I= 5b+2, m=5c+3 and n=
5d+4

E(K Sa+1,5b+Z,Sc+3,5d+4)= E(K 53,5b+5c+5d+9) U

E(K sb,5c+5d+8) UE(Ks¢,5d+7,) UE(K5a6) UE(K1,234)

Case (viii):Let k= 5a+1, [= 5b+4, m=5c+4 and n=
5d+4

E(K sa+1,50+4,5c+45d+4) = E(K 5a5b+5¢5d+12) U E(K
5b,5c+5d+9) UE(Ks¢5d+9) U E(Ksa9) UE(K1,44.4)

Case (ix): Let k= 5a+2, I= 5b+3, m=5c+3 and n=
5d+3
E(K sa+2,5b+2,5c+2,54+3)=E(K sa5p+s5ce5a+9) U E(K
5a+1,5b+4,5c+4,5d+4) UE(K sp,5c+5d4+8) UE (K 5¢,5d+8)

U E(Ks48) UE(K 2333)

Case (x ): Let k= 5a+2, I= 5b+2, m= 5c+2 and n=

5d+3

E(K 5a+2,5b+3,5c+3,5d+3 ) = E(K 5a,5b+5¢+54+9) U

E(K sb,5c+5d+8)UE(K 5¢,50+8) UE(K 54,8)U E(K 2,2,2,3)
In all cases it is possible to partition E (K ximn

) into the disjoint union of edge sets of S3U Sa

decomposable graphs. Then Lemma 3.1 and

theorems 3.2 & 3.3 completes the proof.

4. CONLUSION

A complete characterization of complete
four-partite graphs admitting an S3 U Ss -
decomposition is obtained. These results extend
the theory of star decompositions and contribute
to the study of graph decompositions into
disconnected trees.
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